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As in Part I of the paper, we deal with a nonlinear structural errors-in-variables model, where
the response variable has a density belonging to an exponential family and the error prone covariate
follows a Gaussian distribution. The error variance is assumed to be known. In addition to the two
consistent estimators SQS and CS studied in Part I, we now investigate the naive estimator and
the ML estimator. For small measurement error variances, ML, SQS, and CS are equally efficient
up to the order of the measurement error variance. The naive estimator differs in its asymptotic
covariance matrix from SQS and CS. We also study the case when not only the measurement error
variance but also the dispersion parameter of the model goes to zero and obtain some results for
this case. The polynomial model and the Poisson regression model are explored in more detail.
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1. Introduction
As in Part I of this paper (Kukush and Schneeweiss (2005)), we study the model

with response variable Y having the density

f(y | ξ) = exp
{

yξ − C(ξ)
ϕ

+ c(y, ϕ)
}

,
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where ξ = ξ(X, Z, β) is a function of the vector variables X and Z, with X being
normally distributed and measured with errors:

W = X + U,

where U ∼ N(0, σ2
u). We want to estimate the parameter vector β within the set

Θβ (see Part I) from the data (Yi,Wi, Zi), i = 1, . . . , n, when σ2
u is known.

For this model, various regularity conditions have been laid down in Part I. They
are assumed to hold also for this paper. If necessary, we refer to them with the
numbers (i), (ii) etc. as they occur in Part I. We also refer to the equations of Part I
with their numbers in Part I but with an added KS, e.g., KS(23). In a similar way
we refer to sections, theorems, and remarks of Part I.

In Part I, we studied two consistent estimators: Structural Quasi Score (SQS)
and Corrected Score (CS). We compared their asymptotic covariance matrices for
small σ2

u. Here we want to do the same for two more estimators: the Naive (N)
and the Maximum Likelihood (ML) estimators.

The naive estimator simply ignores the measurement errors and estimates the
parameters by conventional methods (ML or Quasi ML) as if there were no errors.
Although the naive estimator is biased, it is still worthwhile to study its asymptotic
covariance matrix, as in some situations it may turn out that the estimator is the
best in terms of the MSE. We can determine the asymptotic bias of the naive
estimator.

The ML estimator is most efficient within the class of consistent estimators.
However, it turns out that its efficiency for small σ2

u is almost the same as that of
SQS and CS. More precisely, the asymptotic covariance matrix of ML differs from
those of SQS and CS only by terms of order O(σ4

u). This result supplements the
main result of Part I.

We also study the case where not only σ2
u but also the dispersion parameter ϕ

of the model becomes small. In this case, SQS turns out to be more efficient than
CS and the latter becomes almost as efficient as N. (Another borderline case, for
large errors, has been studied for the polynomial model in Kukush and Schneeweiss
(2000)).

These findings, including the results of Part I, are specialized to two particular
cases: the polynomial regression and the Poisson regression, where more detailed
results can be presented. Naturally, these results also hold true for the linear model.
However, in the linear model SQS, CS, and ML coincide anyway, so that our results
become trivial in this case.

It should be mentioned that there are other estimation methods apart from
those studied in this paper, e.g., Regression Calibration and SIMEX, see Caroll et
al. (1995), but they are not consistent, although they typically reduce the bias.

In the next section, the naive estimator is introduced. Its asymptotic bias is
determined and its asymptotic covariance matrix is compared with that of SQS
(and implicitly also of CS), both for small σ2

u. Section 3 deals with two special cases:
the polynomial model (and more generally a linear-in-β regression model) and the
Poisson model. In Section 4 the case when both σ2

u and ϕ go to zero simultaneously
is investigated. Section 5 contains some numerical results illustrating the general
theory. Section 6 introduces ML as a method to which the simpler methods SQS and



Nonlinear Measurement Error Model. II 205

CS can be compared. Some concluding remarks are found in Section 7. Section 8
contains the proofs. A matrix inequality lemma is given in the Appendix, which
might be of some interest also outside its particular application in the present paper.

2. The Naive (N) Estimator
Starting from the likelihood score function of β for the error free model:

(1) ψ(y, x, z, β) = yξβ − C ′(ξ)ξβ ,

where ξβ is short for ∂ξ/∂β and ξ and ξβ are taken at the point (x, z, β), the naive
estimator β̂N of β is defined as a measurable solution to

(2)
1
n

n∑

i=1

ψ(Yi,Wi, Zi, β) = 0, β ∈ Θβ .

(Methods for solving nonlinear equations can be found, e.g., in Small and Wang
(1993).) Thus in the likelihood score function, the unobservable regressor Xi is
replaced with the observed surrogate covariate Wi. The limit equation is given by

(3) E [m(W,Z, β0)ξβ − C ′(ξ)ξβ ] = 0, β ∈ Θβ ,

where
m(W,Z, β0) = E (Y | W,Z),

β0 being the true parameter value, and ξ and ξβ are now taken at the point (W,Z, β).
We shall investigate the properties of the naive estimator under the following re-
striction on the function ξ(x, z, β):
(xiii) ξ is linear in β.

For instance, canonical generalized linear models, with ξ = β0+βxx+βt
zz are linear

in β. The same is true for the polynomial model. In fact, for most common models
ξ(x, z, ·) is a linear function.

Theorem 2.1. Assume (i) to (iii), (v), (vi), (ix), (x), and (xiii). Then for
sufficiently small σ2

u:
(a) the equation (3) has a unique solution β∗ = β∗(σ2

u),
(b) eventually , the equation (2) has a solution β̂N ,
(c) β̂N → β∗ a.s. as n →∞,
(d) β∗ = β0 + 1

2σ2
u∆β∗ + O(σ4

u) as σ2
u → 0, with

(4) ∆β∗ := −S−1E [(C ′′ξxξβ)x + C ′′ξxξxβ ],

where

(5) S := E (C ′′ξβξt
β),

C ′′ = C ′′(ξ), and ξ and its derivatives are taken at the point (W,Z, β0).

Here a property is said to hold true “eventually”, if, with probability 1, it holds
true for sufficiently large n; for an exact definition see Definition KS 4.1. The
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asymptotic covariance matrix of β̂N has a sandwich structure, see, e.g., Schervish
(1995). Introduce the following two symmetric matrices:

(6) A∗ := −E ψβt(β∗), B∗ := E ψ(β∗)ψt(β∗),

where ψ(β∗) is short for ψ(Y,W,Z, β∗). The symmetry of A∗ follows directly from
the definition (1) of ψ. According to the theory of estimating equations, under the
conditions of Theorem 2.1 for sufficiently small σ2

u,

√
n(β̂N − β∗)

d→ N(0,ΣN ),

where

(7) ΣN = A−1
∗ B∗A−1

∗ .

This asymptotic covariance matrix can be compared to the asymptotic covariance
matrices of β̂SQS or β̂CS for small σ2

u:

Theorem 2.2. Under the assumptions (i) to (iii), (v), (vi), and (ix) to (xiii),
let σ2

u → 0 and ϕ be fixed , then

(ΣSQS − ΣN ) =
1
2
σ2

uϕS−1E
{

C ′′[(ξβξt
β)xx + 2ξxβξt

xβ ](8)

+ 2C ′′′[2(ξxξβξt
β)x − ξxxξβξt

β + (ξt
β∆β∗)ξβξt

β ]

+ 2C(4)ξ2
xξβξt

β

}
S−1 + O(σ4

u),

where C(i) = C(i)(ξ), ξ and its derivatives are taken at the point (W,Z, β0), and
∆β∗ is given in (4) and S in (5).

In general, we cannot say which of the two estimators has the greater asymptotic
covariance matrix. We can say more, however, in special cases.

3. Special Cases
3.1. Linear-in-β regression model. Consider the following structural

errors-in-variables model

Yi =
k∑

j=0

βjhj(Xi, Zi) + εi,(9)

Wi = Xi + Ui, i = 1, . . . , n.(10)

We assume that hj , j = 0, . . . , k, are known measurable functions, Xi ∼ i.i.d.
N(µx, σ2

x), Zi are i.i.d. random vectors with values in a Euclidean space EZ , and
the errors (εi, Ui) are i.i.d. Gaussian, independent of the Xi’s and Zi’s, with zero
expectations, variances σ2

ε and σ2
u, and covariance σεu = 0. This is a particular

case of our model with ξ =
∑k

j=0 βjhj(X, Z), C(ξ) = ξ2/2, ϕ = σ2
ε . Let β0 =

(β00, β10, . . . , βk0)t and ϕ0 = σ2
ε0 be the true values of β = (β0, . . . , βk)t and σ2

ε
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and let β0 ∈ Θβ , where Θβ is a convex compact set in Rk+1. We assume that
hj(·, z) ∈ C2(R) and

|hj(x, z)|+ |hjx(x, z)| ≤ const(eA|x| + eA‖z‖)

with const > 0 and a fixed A > 0, j = 0, . . . , k. In this case the matrix (5) is
calculated as

(11) S = E h(W,Z)ht(W,Z),

with h := (h0, . . . , hk)t. We require the corresponding matrix

S0 := E h(X,Z)ht(X,Z)

to be nonsingular and assume (i) and (iii). Then Theorem KS 5.1 and Theorem 2.2
are applicable, and as σ2

u → 0 we obtain

ΣSQS = ΣCS + O(σ4
u),

ΣCS − ΣN =
1
2
σ2

uσ2
εS−1E

{
(hht)xx + 2hxht

x

}
S−1 + O(σ4

u),(12)

where h and its derivatives are taken at the point (W,Z).
We cannot say that the leading term in (12) is always semidefinite. In fact, we

have a counterexample in Subsection 3.2. Nevertheless, in some important cases, at
least the variances of the components of Sβ are smaller for N than for CS or SQS.

Let ajj be the difference of corresponding diagonal elements of the asymptotic
covariance matrices of the estimators Sβ̂CS and Sβ̂N :

(13) ajj := [S(ΣCS − ΣN )S]jj , j = 0, . . . , k.

From (12) we conclude that, as σ2
u → 0,

(14) ajj =
1
2
σ2

uσ2
εE

[
∂2(h2

j )
∂x2

+ 2
(

∂hj

∂x

)2]
+ O(σ4

u)

with the derivative of hj taken at (W,Z). The following statement is an easy
consequence of (14).

Proposition 3.1. Suppose that for fixed j the function h2
j (·, Z) is convex a.s.

and P{∂hj

∂x (X,Z) 6= 0} > 0. Then ajj > 0 for sufficiently small σ2
u.

The proposition gives a sufficient condition for the asymptotic variance of (Sβ̂N )j

to be smaller than the asymptotic variance of (Sβ̂CS)j for small measurement errors.
Analyzing the leading term of expansion (14), it is interesting to give a geometric

interpretation of the inequality ∂2(h2
j )/∂x2 + 2(∂hj/∂x)2 ≥ 0. An easy calculation

leads to the following statement.



208 A. Kukush and H. Schneeweiss

Proposition 3.2. Let g ∈ C2(R). The inequality (g2)xx + 2(gx)2 ≥ 0 holds for
all x ∈ R iff the function |g|3 is convex on R. Moreover , if |g|3 is strictly convex
on some interval (α, β), then

E
[
∂2(g2)
∂x2

(X) + 2
(

∂g

∂x
(X)

)2]
> 0,

where X ∼ N(µx, σ2
x).

Thus if hj does not depend on Z and satisfies the conditions of Proposition 3.2,
then ajj > 0, for sufficiently small σ2

u.

3.2. Polynomial regression. The polynomial regression is a particular
case of the model (9), (10), with

(15) hj = hj(X) = Xj , j = 0, 1, . . . , k.

This model has found extensive treatment in the literature, see Cheng and Schnee-
weiss (2002). We mention that, in the polynomial case, β̂CS is called the adjusted
least squares estimator (β̂ALS), see Cheng and Schneeweiss (1998), β̂SQS is called
the structural least squares estimator (β̂SLS), see Kukush et al. (2005), and β̂N is
the ordinary least squares estimator (β̂OLS). From (14), we get the following result.

Proposition 3.3. In the polynomial model (9), (10), (15) we have for ajj of
(13) as σ2

u → 0:

a00 = O(σ4
u),

ajj = j(3j − 1)σ2
uσ2

εE (W 2j−2) + O(σ4
u), j = 1, . . . , k.

Thus ajj > 0, j = 1, . . . , k, for sufficiently small σ2
u, in accordance with Propo-

sition 3.1 or Proposition 3.2. This statement about the diagonal elements of the
matrix S(ΣCS−ΣN )S can be supplemented by a statement about the whole matrix.
For k ≥ 2 we consider the leading term of S(ΣCS − ΣN )S, see (12):

M :=
1
2
σ2

uσ2
εE {(hht)xx + 2hxht

x}.

Due to Proposition 3.3, M00 = 0 and Mjj > 0, j = 1, . . . , k. But the matrix M is
not necessarily positive semidefinite. E.g., if W ∼ N(0, 1), then




M00 M01 M02

M10 M11 M12

M20 M21 M22


 = σ2

uσ2
ε




0 0 1
0 2 0
1 0 10


 ,

and the determinant of this submatrix is negative; so in this case M is not positive
semidefinite. Therefore, for the polynomial model it is not true that ΣCS ≥ ΣN in
the matrix sense.
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We mention that, for the polynomial model, (12) holds also true when h is
evaluated at the point (X, Z) instead of (W,Z) and S is replaced with S0. Similarly,
in Proposition 3.3, E(W 2j−2) may be replaced with E(X2j−2). A corresponding
remark applies to the matrix M , see Kukush et al. (2005).

3.3. Poisson regression. The Poisson regression is one of the better
known and often applied Generalized Linear Models, see, e.g., Cameron and Trivedi
(1998) and Winkelmann (1997).

Suppose that Y | ξ has a Poisson distribution with parameter λ = eξ, and ξ =
β0 + β1X, where β = (β0, β1)t is the parameter of interest. Again X ∼ N(µx, σ2

x),
and W = X+U is the surrogate covariate, where U is independent of X and Y , and
U ∼ N(0, σ2

u) with σ2
u known. We observe independent realizations (Yi, Wi), i =

1, . . . , n. This is a particular case of the model of Section 2, with C(ξ) = eξ and
known ϕ = 1. A measure m dominating the distribution of Y is the counting
measure.

We suppose that Θβ is a convex compact set in R2, and the true value of β is an
interior point of Θβ . The statements of Theorems KS 4.3, KS 4.4, KS 5.1, 2.1, and
2.2 hold true for the Poisson regression. For further details see Thamerus (1998),
Kukush et al. (2004), and Shklyar and Schneeweiss (2005).

Now, let β be the true value of the parameter of interest, and let

(16) g := µw + σ2
wβ1.

Theorem 3.1. In the Poisson model the following statements hold as σ2
u → 0:

(a) β̂N → β∗ a.s. as n →∞, and

β∗ = β +
1
2
σ2

u∆β∗ + O(σ4
u),(17)

∆β∗ =
β1

σ2
w

(µw + g,−2)t.(18)

(b) ΣSQS = ΣCS + O(σ4
u).

(c)

(19) ΣCS − ΣN =
2σ2

u

σ4
w

exp
{
− (β0 + β1µw +

1
2
β2

1σ2
w)

}(
g2 −g
−g 1

)
+ O(σ4

u).

In contrast to the expansion (12) in the polynomial case, we see that the term
of order σ2

u in the expansion (19) is a positive semidefinite matrix. Moreover, we
conclude from (19) that for sufficiently small σ2

u, the asymptotic variance of β̂1,N

is smaller than the asymptotic variance of β̂1,CS , and if g 6= 0, the same holds true
for the estimators of β0.

4. Asymptotics when Both Errors are Small
Hereafter we consider again the general model presented in Section 1. Again we

deal with a series of such models, but now we suppose that only the parameters β,
µx, and σ2

x stay fixed, while the dispersion parameter ϕ and the variance σ2
u tend

to zero simultaneously. As to the relation between ϕ and σ2
u, we consider two cases:

(xiv) χ2 := ϕ/σ2
u = const, and

(xv) C1 ≤ ϕ/σ2
u ≤ C2 for some positive constants C1 and C2.
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Let

(20) v0(W,Z, β0) := χ2 + C ′′ξ2
x,

where C ′′ = C ′′(ξ), and ξ and ξx are taken at the point (W,Z, β0). Below ξ and ξβ

are also taken at this point.

Theorem 4.1. Assume (xiv) and let σ2
u → 0.

(a) Under the conditions of Theorem KS 4.4,

ΣSQS = σ2
u

[
E (C ′′ξβξt

βv−1
0 )

]−1 + O(σ4
u).

(b) Under the conditions of Theorem KS 5.1,

ΣCS = σ2
uS−1E (C ′′ξβξt

βv0)S−1 + O(σ4
u).

(c) Under the conditions of Theorem 2.2,

ΣN = ΣCS + O(σ4
u).

Remark 4.1. In Theorem 4.1, one can replace S with S0 and also the variable W
with X in the argument of ξ and its derivatives without changing the statement of
the theorem. See also Remark KS 4.3 and the remark at the end of Subsection 3.2.

The next result compares ΣSQS with ΣCS for both errors small.

Theorem 4.2. Let the conditions of Theorem KS 5.1 hold. Assume additionally
that the distribution of C ′′ξ2

x as a function of (W,Z, β0) has no atoms. Then:
(a) under (xiv), the difference

lim
σ2

u→0
(σ−2

u ΣCS)− lim
σ2

u→0
(σ−2

u ΣSQS)

is positive semidefinite and is not equal to zero.
(b) under (xv),

(21) lim inf
σ2

u→0
[σ−2

u λmax(ΣCS − ΣSQS)] > 0

and

(22) lim inf
σ2

u→0
[σ−2

u λmin(ΣCS − ΣSQS)] ≥ 0.

Theorem 4.2 states that, for small errors and under normality assumptions, when
ϕ and σ2

u are of the same order, the SQS estimator is asymptotically more efficient
than the CS estimator.
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Remark 4.2. In the polynomial model of Subsection 3.2 with degree k ≥ 2,
and β2 6= 0, the distribution of C ′′ξ2

x has no atoms, and the results of Theorems 4.1
and 4.2 hold true. Thus in a polynomial model of degree k ≥ 2 in case of small σ2

ε

and σ2
u, the SQS estimator is asymptotically more efficient than the CS estimator.

5. Numerical Results
In order to see how close the small-σu approximations come to the true as-

ymptotic covariance matrices (ACM), we numerically computed these covariance
matrices for two special models: a quadratic regression model and a Poisson re-
gression model, see Subsections 3.2 and 3.3. In the quadratic model we studied
both limiting cases: (a) σ2

u → 0, ϕ = σ2
ε fixed, and (b) σ2

u → 0, χ2 = σ2
ε/σ2

u fixed.
In the Poisson model only case (a) was investigated; case (b) does not exist, as
ϕ = 1. For the quadratic model, we took β = (0, 1,−0.5)′, X ∼ N(0, 1), and for
case (a), σ2

u = 0.05 and σ2
ε = 20, while for case (b), σ2

u = 0.01 and σ2
ε = 0.002, so

that χ2 = 0.2. For the Poisson model, we took β = (−1, 0.5)′, X ∼ N(2, 1), and
σ2

u = 0.05. We also performed some simulation studies not shown here in order to
check the theoretical results, see Kukush et al. (2002) and Wolf (2004).

We computed the ACM’s of the SQS, CS, and N estimators according to KS(18),
KS(35), and (7), respectively, and their small-σu approximations according to
KS(22), (32), and Theorem 4.1. However, to save space, we only present the as-
ymptotic variances. They are shown in Tables 1–3. For the N estimator we also
computed the asymptotic bias according to Theorem 2.1.

The bias of N turns out to be large enough to justify the employment of consistent
methods like SQS or CS, especially if the sample size should be large. When (in the
polynomial model) only σ2

u is small, the ACM’s of CS and SQS come very close to
each other and also quite close to their approximation, while the ACM of N is quite
a bit smaller. When both σ2

u and σ2
ε are small, the ACM’s of N and CS almost

coincide and are well approximated, while the ACM of SQS now is clearly a good
deal smaller. These numerical results corroborate the general theory.

Figure 1 shows how the ACM’s of the SQS, CS, and N estimates of the parameter
β1 of the Poisson model approach the ACM of the error free-model when σ2

u → 0.
Clearly the ACM curves of SQS and CS approach this value at the same angle,
whereas the ACM curve of N has a different angle.

A few words about the computations (for more detail see Schneeweiss (2005)).
In the polynomial model, the bias of N is β∗ − β, where β∗ is the solution to the
equation (3), which turns out to be a linear system of equations for β∗ with higher
moments and linear combinations of moments of W as its coefficients, see Kukush
et al. (2005). Thus the bias can be computed with the help of higher moments of
W only. The same is true for the exact and approximate ACM’s of N and CS. It
should be noted, though, that in Kukush et al. (2005) moments of X rather than
of W were used, which, however, can be easily transformed into each other. Only
the exact ACM of SQS, and its approximation when both errors are small, cannot
be reduced to simple moments. In these cases the expectation of a rational function
in W has to be computed by numerical integration.

In the Poisson model, Shklyar and Schneeweiss (2005) derived an explicit formula
for the ACM of CS, which can be used to compute it numerically. Kukush et
al. (2004) have formulas for the bias of N and ACM’s of N, CS, and SQS. These
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Fig. 1. ACM’s of SQS, CS, and N for the parameter β1 of a
Poisson model as functions of σ2

u

formulas employ the expectations of expressions of the form W reaW . Again only
the computation of the ACM of SQS needs numerical integration, viz., in computing
Φ := E (v−1 ∂m

∂β
∂m
∂βt ), see KS(18).

In both models, the ACM of SQS is computed with the inclusion of those parts
of the ACM that stem from the estimation of the nuisance parameters µw and σ2

w,
see the second term on the r.h.s. of KS(18). Their contribution to the ACM is,
however, almost negligible in the present parameter setting. It turns out that in
the polynomial and Poisson models the computation of Fp (see KS(17)) can be
reduced to that of Φ, so that numerical integration needs to be performed only
once in each model.

Table 1. Bias and exact and approximate asymptotic
variances of different estimators in a polynomial model,

case (a): β = (0, 1,−0.5)t, µx = 0, σ2
x = 1, σ2

ε = 20, σ2
u = 0.05

N N N CS SQS CS/SQS
Bias exact appr. exact exact appr.

β0 −0.024 30.14 30.15 31.20 31.18 31.11
β1 −0.048 19.22 19.25 21.22 21.20 21.06
β2 0.046 9.20 9.21 11.20 11.18 10.94
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Table 2. Bias and exact and approximate asymptotic variances
of different estimators in a polynomial model, case (b):

β = (0, 1,−0.5)t, µx = 0, σ2
x = 1, σ2

ε = 0.002, σ2
u = 0.01.

N N CS N/CS QS QS
Bias exact exact appr. exact appr.

β0 −0.0050 0.033 0.032 0.033 0.017 0.016
β1 −0.0099 0.041 0.041 0.042 0.027 0.027
β2 0.0099 0.030 0.031 0.031 0.015 0.014

Table 3. Bias and exact and approximate asymptotic
variances of different estimators in a Poisson model:

β = (−1, 0.5)t, µx = 2, σ2
x = 1, σ2

u = 0.05.

N N N CS SQS CS/SQS
Bias exact appr. exact exact appr.

β0 −0.024 6.23 6.24 6.79 6.78 6.74
β1 −0.054 0.86 0.86 0.95 0.95 0.94

6. Maximum Likelihood
Up to now we only considered estimation methods which were not Maximum

Likelihood (ML), and this for good reason: ML is much more difficult to apply
than CS or SQS because it implies the integration over the latent variable X.
Nevertheless we can compare the asymptotic covariance matrix ΣML of β̂ML with
those of β̂CS and β̂SQS , in particular, for small σ2

u. For simplicity, let us drop the
variable Z in the sequel.

The ML method is based on the joint density of (Y, W ) given by

ρ(y, w;β) =
1

2πσx

∫
exp

{
yξ∗ − C(ξ∗)

ϕ
+ c(y, ϕ)− (w − µx − σuu)2

2σ2
x

− u2

2

}
du,

where ξ∗ := ξ(w− σuu, β). ΣML is the inverse of the information matrix Iβ , which
is given by

Iβ = E
ρβ(Y,W ; β) ρt

β(Y, W ;β)
ρ2(Y, W ; β)

.

Although in general ΣML ≤ ΣSQS and ΣML ≤ ΣCS , the covariance matrices tend
to become equal up to the order of σ2

u when σ2
u becomes small:

Theorem 6 Under general regularity conditions

ΣML = ΣSQS + O(σ4
u).
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Remark 6.1. For brevity of exposition, we do not present the exact conditions
for the theorem to hold true. However, these are similar to the conditions given in
the previous theorems. We only provide a sketch of a proof in Subsection 8.9, which
does not use any regularity conditions but only exploits the algebra that leads to
the result of the theorem. For more details, see Kukush and Schneeweiss (2004b).

Remark 6.2. The theorem implies that, although ML is generally more efficient
than SQS or CS, the efficiency of the latter methods is only slightly worse than that
of ML as long as the measurement error variance is not too large. As SQS and CS
are methods much simpler to apply than ML, this is an assuring message.

7. Conclusion
In Part I of this paper, we studied the relative asymptotic efficiency of the

SQS and the CS estimators of the parameters of a nonlinear regression model with
Gaussian measurement errors in one of the covariates. For small measurement error
variance σ2

u, their asymptotic covariance matrices (ACM’s) turned out to be equal
up to the order of σ2

u. In the present paper (Part II), we prove that the same
holds true for the ML estimator. Thus for small σ2

u, all three estimators are almost
equally efficient. In this case, it is not necessary to apply the complicated ML
procedure. The simpler SQS or CS estimators are almost just as good.

We also included in our investigation the so-called naive estimator, which is the
ML estimator of the model computed without regard to measurement errors. The
naive estimator is inconsistent, but its ACM may still be of interest, in particular,
if it turns out to be smaller, in a sense, than those of the consistent estimators. For
the polynomial and Poisson regression models this can, in fact, be shown when σ2

u

becomes small, albeit in the polynomial model only in a limited sense, because the
difference of the ACM’s for N and SQS is indefinite in the polynomial case.

A different picture is seen if together with σ2
u also the dispersion parameter ϕ of

the exponential family goes to zero in constant proportion to σ2
u. In this case, the

SQS estimator is, in a sense, more efficient for small σ2
u than the CS estimator, and

the naive estimator has the same ACM (up to the order of σ2
u) as the CS estimator

and is thus seen to be less efficient than the SQS estimator.
The efficiency study of the present paper is confined to the case of small mea-

surement errors. It is an open problem to evaluate the relative efficiencies of the
various estimators for arbitrary error variances. For the Poisson and polynomial
models, however, it can be shown that SQS is more efficient than CS for whatever
σ2

u, see Shklyar and Kukush (2002), Shklyar and Schneeweiss (2005), Shklyar et
al. (2005).

8. Proofs
8.1. Proof of Theorem 2.1, part (a). Consider the limit estimating

function in (3)

Q(β, σ2
u) := E [m(W,Z, β0)ξβ − C ′(ξ)ξβ ], β ∈ Θβ , σ2

u ≥ 0.

If σ2
u = 0, then Q(β0, 0) = 0 because σ2

u = 0 implies W = X and m(X, Z, β0) =
E(Y | X, Z) = C ′(ξ). We also have

(23)
∂Q(β, σ2

u)
∂βt

∣∣∣∣
β=β0, σ2

u=0

= −S0,
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where S0 = E (C ′′(ξ)ξβξt
β) with ξ = ξ(X, Z, β). The matrix S0 is non-singular due

to (ix). Therefore, by the implicit function theorem, a unique solution β to the
equation Q(β, σ2

u) = 0 exists in a neighborhood of β0 if σ2
u ≤ σ2

0 with some σ2
0 > 0.

Obviously β∗ = β∗(σ2
u).

But this solution is unique not only in a neighborhood of β0 but on the whole
convex set Θβ . Indeed, suppose we had two solutions β1 and β2 such that Q(β1) =
Q(β2) = 0, where we suppressed the dependence on σ2

u. Let β(t) = tβ1 + (1− t)β2,
0 ≤ t ≤ 1. Then β(t) ∈ Θβ . Let q(t) = (β1 − β2)tQ[β(t)]. Then q(0) = q(1) = 0,
and there exists a t̄, 0 ≤ t̄ ≤ 1, such that dq

dt (t̄) = 0. But

dq

dt
= (β1 − β2)t ∂Q

∂βt
(β1 − β2) < 0

unless β1 = β2 because, due to the linearity of ξ(β), see (xiii), ξββt = 0 and thus

(24)
∂Q(β, σ2

u)
∂βt

= −E [C ′′(ξ)ξβξt
β ],

which is negative definite for all β ∈ Θβ by assumption (ix).

8.2. Proof of Theorem 2.1, parts (b) and (c). We want to apply
Theorem 12.1 from Heyde (1997). Consider

pδ := lim
n→∞

sup
‖β−β0‖=δ

(β − β0)t 1
n

n∑

i=1

ψ(Yi,Wi, Zi, β).

As Q is the limit of 1
n

∑
ψ, see Subsection 8.1,

pδ = sup
‖β−β0‖=δ

(β − β0)tQ(β, σ2
u).

We have to show that pδ < 0 for some small δ > 0. Let C0 be the compact set
C0 := {β | ‖β − β0‖ = δ}. Since Q(β, σ2

u) tends to Q(β, 0) uniformly on C0 as
σ2

u → 0, we have Q(β, σ2
u) = Q(β, 0) + R1 with supC0

‖R1‖ < δ2 for σ2
u < σ2

0 with
some sufficiently small σ2

0 = σ2
0(δ). Now, since Q(β0, 0) = 0, see Subsection 8.1, we

have by (23)
Q(β, 0) = −S0(β − β0) + R2

with supC0
‖R2‖ = O(δ2). Therefore,

pδ = sup
C0

[− (β − β0)tS0(β − β0)
]
+ O(δ3) as δ → 0.

By assumption (ix), S0 is positive definite. Hence, pδ < 0 for sufficiently small δ
and σ2

u < σ2
0 , and by Theorem 12.1 from Heyde (1997), for σ2

u < σ2
0 , the equation

(2) eventually has a solution β̂N .
By arguments similar to those in the proof of Theorem KS 4.1, part (b), we can

now prove that, for σ2
u < σ2

0 , β̂N converges a.s. to the unique solution β∗(σ2
u) of the

limit estimating equation (3).
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8.3. Proof of Theorem 2.1, part (d). Let β∗ be the (unique) solution
to equation (3). Substituting KS(68) in (3) we obtain

(25) E
{[

C ′ +
1
2
σ2

u

(
− 2

W − µw

σ2
w

C ′′ξx + C ′′ξxx + C ′′′ξ2
x

)]
ξβ − C ′(ξ∗)ξβ

}

+ O(σ4
u) = 0.

Here ξ, ξx, ξxx are taken at the point (W,Z, β0) and C(i) = C(i)(ξ), i = 1, 2, 3,
while ξ∗ = ξ(Z, W, β∗). Note that ξβ is independent of β by assumption (xiii). We
expand C ′(ξ∗) at β = β0 with ∆β := β∗ − β0, taking account of the linearity of
ξ(β):

(26) C ′(ξ∗) = C ′ + C ′′ξt
β∆β + R · ‖∆β‖2,

where, due to (ii) and (vi),

|R| ≤ const(eA|W | + eA‖Z‖).

We substitute (26) in (25) and obtain

(27) E
{

1
2
σ2

u

[
− 2

W − µw

σ2
w

C ′′ξx + C ′′ξxx + C ′′′ξ2
x

]
ξβ − C ′′ξβξt

β∆β

}

+ O(σ4
u) + O(1)‖∆β‖2 = 0.

Now, due to the implicit function theorem (see Subsecton 8.1), ∆β = ∆β(σ2
u) and

∆β ∈ C1([0, σ2
0 ]) for sufficiently small σ2

0 . Also ∆β(0) = 0 and hence ∆β(σ2
u) =

O(σ2
u) and ‖∆β(σ2

u)‖2 = O(σ4
u). Therefore we get from (27) with S from (5)

∆β =
1
2
σ2

uS−1E
[
− 2

W − µw

σ2
w

C ′′ξx + C ′′ξxx + C ′′′ξ2
x

]
ξβ + O(σ4

u).

Now, integration by parts according to KS(81) yields (4) and proves the state-
ment. ¤

8.4. Proof of Theorem 2.2. First, we expand B∗, see (6). From (1) we
have

(28) ψ(Y, W,Z, β∗) = (Y −m)ξβ + (m− C ′∗)ξβ ,

where m = m(W,Z, β0) and C ′∗ := C ′{ξ(W,Z, β∗)}; note that ξβ is independent
of β. Therefore,

(29) B∗ = E [vξβξt
β + (m− C ′∗)

2ξβξt
β)].

The difference m−C ′∗ = (m−C ′0)+(C ′0−C ′∗), where m−C ′0 = m−C ′{ξ(W,Z, β0)},
is of order σ2

u, see KS(68), and note that ‖β∗ − β0‖ = O(σ2
u) by Theorem 2.1 (d).

Therefore
B∗ = E (vξβξt

β) + O(σ4
u).
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Using KS(70) and again KS(81), we get with S from (5)

ϕ−1B∗ = S +
1
2
σ2

uE
{

2ϕ−1C ′′2ξ2
xξβξt

β + (C ′′′ξxx − C(4)ξ2
x)ξβξt

β(30)

− 2C ′′′(ξxξβξt
β)x

}
+ O(σ4

u) =: S +
1
2
σ2

u∆B∗ + O(σ4
u),

where ξ and its derivatives are taken at (W,Z, β0).
Next we consider A∗. From (6) we have, using again Theorem 2.1 (d),

A∗ = E C ′′∗ ξβξt
β = E

{
(C ′′ +

1
2
σ2

uC ′′′ξt
β∆β∗)ξβξt

β

}
+ O(σ4

u)(31)

= S +
1
2
σ2

uE
{
C ′′′ξt

β∆β∗ξβξt
β

}
+ O(σ4

u).

Then by (7), (30), and (31)

(32) ϕ−1ΣN = S−1 +
σ2

u

2
S−1

[− 2E {C ′′′ξt
β∆β∗ξβξt

β}+ ∆B∗
]
S−1 + O(σ4

u).

Now, (32) and KS(22) imply (8). ¤
8.5. Proof of Theorem 3.1. We apply Theorem 2.1 and evaluate (4).

We have

ξ = β0 + β1W, ξx = β1, ξβ = (1,W )t, ξxβ = (0, 1)t,

S = E eξ

(
1 W
W W 2

)
= d

(
1 g
g g2 + σ2

w

)
,

where g is given in (16), and

d := exp
(
β0 + β1µw +

1
2
β2

1σ2
w

)
.

Here we used the following identities (except for the last one, which we shall need
below):

E eξ = d, EWeξ = gd, E W 2eξ = (g2 + σ2
w)d, E W 3eξ = (3gσ2

w + g3)d.

Next,

(33) S−1 = σ−2
w d−1

(
g2 + σ2

w −g
−g 1

)
.

By (4) and because C = eξ,

∆β∗ = −S−1E [C ′′′ξ2
xξβ + 2C ′′ξxξxβ ] = −S−1E eξ[β2

1(1,W )t + 2β1(0, 1)t]

= −S−1d(β2
1 , β2

1g + 2β1)t =
β1

σ2
w

(µw + g,−2)t,
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and part (a) is proved. Part (b) follows from Theorem KS 5.1. In order to show
(19), we have to evaluate the right-hand side of (8). The expectation in (8) equals

E
{

C ′′4
(

0 0
0 1

)
+ 4C ′′′β1

∂

∂W

(
1 W
W W 2

)
+ 2C(4)β2

1

(
1 W
W W 2

)

+ 2C ′′′[(1,W )∆β∗]
(

1 W
W W 2

)}

= E
{

eξ

[
4

(
0 0
0 1

)
+ 4β1

(
0 1
1 2W

)
+ 2β2

1

(
1 W
W W 2

)

+
2β1

σ2
w

(µw + g − 2W )
(

1 W
W W 2

) ]}

= 4d

[(
0 0
0 1

)
+ β1

(
0 1
1 2g

)
+

β1g

σ2
w

(
1 g
g g2 + σ2

w

)

− β1

σ2
w

(
g g2 + σ2

w

g2 + σ2
w 3gσ2

w + g3

)]
= 4d

(
0 0
0 1

)
.

Next, by (33),

(34) S−14d

(
0 0
0 1

)
S−1 =

4d−1

σ4
w

(
g2 −g
−g 1

)
.

From (34) and (8) we get (19). ¤

8.4. Proof of Theorem 4.1, part (a). We first consider

Φ = E
(
v−1 ∂m

∂β

∂m

∂βt

)

from condition (viii). From KS(70) we have

(35) ϕ−1v = C ′′ + χ−2C ′′2ξ2
x + σ2

u ·R,

where, as usual, here and in the sequel, R satisfies KS(69). Similarly, by KS(79),

(36)
∂m

∂β

∂m

∂βt
= C ′′2ξβξt

β + σ2
u ·R.

Now (35) and (36) imply

ϕ

v

∂m

∂β

∂m

∂βt
=

χ2C ′′ξβξt
β

χ2 + C ′′ξ2
x

+ σ2
u ·R = χ2

C ′′ξβξt
β

v0
+ σ2

u ·R

with v0 from (20). Hence

(37) ϕΦ = χ2E (C ′′ξβξt
βv−1

0 ) + O(σ2
u).
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We now turn to Fp, p = 1, 2, defined in KS(17). By KS(78)
∣∣∣∣
∂m

∂γp

∣∣∣∣ ≤ ϕ · |R|, p = 1, 2,

where R satisfies KS(69). By KS(74) it follows that
∣∣ 1
v

∂m
∂γp

∣∣ also satisfies KS(69).
Therefore

(38) Fp = O(1).

Now applying (38) to KS(18), we get

(39) ϕ−1ΣSQS = (ϕΦ)−1 + O(ϕ),

and the statement follows by substituting (37) in (39) and taking account of (xiv).

8.7. Proof of Theorem 4.1, parts (b) and (c). From KS(88) we have

(40) ϕ−1Bc = E C ′′ξβξt
β(1 + χ−2C ′′ξ2

x) + O(σ2
u).

From KS(89) we get

(41) Ac = S + O(σ2
u).

Therefore

(42) ϕ−1ΣCS = A−t
c (ϕ−1Bc)A−1

c = S−1E C ′′ξβξt
β(1 + χ−2C ′′ξ2

x)S−1 + O(σ2
u).

Multiplying by ϕ and taking account of (xiv) and (20), we get the desired result.
For ΣN we have the same expansion (42) because the expansions (40), (41) are

valid for A∗ and B∗, too, see (30), (31). ¤
8.8. Proof of Theorem 4.2. We apply the expressions for ΣSQS and ΣCS

from Theorem 4.1 (a) and (b). Note that by our assumptions the distribution of
v0 = χ2 + C ′′ξ2

x as a function of (W,Z, β0) has no atoms. Note also that according
to Remark KS 4.3 S can be assumed nonsingular for sufficiently small σ2

u. Let
w = S−1/2

√
C ′′ξβ . Then Eww′ = I, and part (a) of Theorem 4.2 follows from the

Lemma in the Appendix.
To prove (21), consider the difference

D(σ2
u, χ2) := σ−2

u λmax(ΣCS − ΣSQS)

as a function of σ2
u and χ2. From Theorem 4.1 and by the continuity of λmax(·) we

have

D(σ2
u, χ2) = λmax

{
E (S−1C ′′ξβξt

βv0S
−1)− [E (C ′′ξβξt

βv−1
0 )]−1

}
+ O(σ2

u).

Denote the first term on the right-hand side by D(0, χ2), i.e.,

D(σ2
u, χ2) = D(0, χ2) + O(σ2

u).
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Note that D(0, χ2) does not depend on σ2
u. It follows that

lim inf(σ2
u→0,C1≤χ2≤C2)D(σ2

u, χ2) = inf
C1≤χ2≤C2

D(0, χ2).

But D(0, χ2) > 0 for all χ2 because the difference in the argument of λmax is positive
semidefinite and 6= 0 by the Lemma of the Appendix, as proved in part (a). As χ2

is restricted to a closed interval and D(0, χ2) is continuous in χ2, we finally have

inf
C1≤χ2≤C2

D(0, χ2) > 0,

wich implies (21). Inequality (22) is proved in a similar way. ¤
8.9. Sketch of a proof of Theorem 6. First it can be shown by

arguments similar to those used in KS 7.7 to prove KS(21) that the estimation of
the nuisance parameters including ϕ affects the asymptotic covariance matrix of
β̂ML only in terms of order σ4

u. Therefore, we may proceed in the following as if
µx, σ2

x, and ϕ were known.
The first step is to expand the model density ρ in powers of σ2

u. Expanding ξ∗

and C(ξ∗), we find that

(43) ρ =
eA

√
2πσx

[
1 + (D + B2)

σ2
u

2

]
+ O(σ4

u),

where

B := −ϕ−1(y − C ′)ξx + V,(44)

D := ϕ−1[(y − C ′)ξxx − C ′′ξ2
x]− 1

σ2
x

,(45)

V :=
w − µx

σ2
x

,(46)

and A is an expression that will cancel out later on. From (43) we derive an
expansion of the integrand of the information matrix:

(47)
ρβρt

β

ρ2
= ϕ−2(y − C ′)2ξβξt

β +
σ2

u

2
G + O(σ4

u)

with
G := ϕ−1(y − C ′)[(Dβ + 2BBβ)ξt

β ]S ,

where the subscript S denotes the symmetrization operator, see the definition after
KS(79). The matrix G can be further evaluated with the help of (44) and (45):

ϕ2G = 2(y − C ′)
[
C ′′(2ξxξβξt

βV − ξxxξβξt
β − ξx(ξxβξt

β)S)− C ′′′ξ2
xξβξt

β

]
(48)

+ (y − C ′)2
[− 2(ξxβξt

β)SV + (ξxxβξt
β)S − 4ϕ−1C ′′ξ2

xξβξt
β

]

+ 2ϕ−1(y − C ′)3ξx(ξxβξt
β)S .



Nonlinear Measurement Error Model. II 221

As can be seen from (48), G consists of terms of the form (y − C ′)kh, k = 1, 2, 3,
where h is a function of w. The same is true for the other term in the integrand of
the information matrix, see (47). We therefore investigate the expectation of these
terms with (Y, W ) in place of (y, w) for alternative values of k and expand them
in terms of powers of σ2

u. However, it is only for k = 2 that we need an expansion
up to the order of σ2

u. For k = 1 and 3 we only need to know the first term in the
expansion.

We find with some algebra for k = 1, 2, 3:

E (Y − C ′)h = O(σ2
u),(49)

E (Y − C ′)2h = ϕEC ′′h +
σ2

u

2
E [2C ′′2ξ2

xh− ϕC ′′′(2ξxhx + ξxxh)(50)

− ϕC(4)ξ2
xh] + O(σ4

u),

E (Y − C ′)3h = ϕ2E C ′′′h + O(σ2
u).(51)

The most difficult to derive of these three equations is (50). We first express C ′

and h as functions of X rather than W in order to use KS(2) for the conditional
mean and variance of Y given X. Then we transform the resulting functions of
X back into functions of W using KS(9) and KS(10) and the integration by part
formula KS(81).

With the help of (49) to (51) we can now expand E G and finally the information
matrix:

Iβ = ϕ−1
{

E C ′′ξβξt
β −

σ2
u

2
E

[
2ϕ−1C ′′2ξ2

xξβξt
β + C ′′

(
(ξxxβξt

β)S + 4ξxβξt
xβ

)

+ C ′′′
(
2ξx(ξβξt

β)x + ξxxξβξt
β

)
+ C(4)ξ2

xξβξt
β

]}
+ O(σ4

u)

=: ϕ−1(S − σ2
u

2
Q) + O(σ4

u).

The asymptotic covariance matrix of β̂ML is then found to be

ΣML = ϕ

(
S−1 +

σ2
u

2
S−1QS−1

)
+ O(σ4

u),

and this is seen to be equal to KS(22). ¤
9. Appendix

9.1. A matrix inequality.

Lemma. Let v be a positive random variable and w a random (column) vector
with E(wwt) = I. Assume E (v−1wtw) < ∞ and E (vwtw) < ∞, then

∆ := E (vwwt)− [E (v−1wwt)]−1

is positive semidefinite. If in addition the distribution of v has no atoms, then the
difference ∆ is not equal to zero.

Proof. Let
q = [E (v−1wwt)]−1 w√

v
−√vw.

Then Eqqt = ∆, and ∆ is positive semidefinite, see also Shklyar and Schneeweiss
(2005).
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In Kukush and Schneeweiss (2004a) it is proved that, under the assumptions of
the Lemma,

tr E (vwwt) > tr[E (v−1wwt)]−1.

This implies ∆ 6= 0. ¤
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