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A (nonlinear) measurement error model (MEM) consists of three parts: (1)
a regression model relating an observable regressor variable z and unobservable
regressor variable ξ (the variables are independent and generally vector valued) to
a response variable y, which is considered here to be observable without measure-
ment errors; (2) a measurement model relating the unobservable ξ to an observable
surrogate variable x; and (3) a distributional model for ξ.

1. PARTS OF MEM

The regression model can be described by conditional distribution of y given
(z, ξ) and given an unknown parameter vector θ. As usual this distribution is repre-
sented by a probability density function f(y|z, ξ; θ) with respect to some underlying
measure on the Borel σ-field of R. We restrict our attention to distributions that
belong to the exponential family, i.e., we assume f to be of the form

f(y|z, ξ;β, ϕ) = exp(
yη − c(η)

ϕ
+ a(y, ϕ)) (1)

with
η = η(z, ξ;β). (2)

Here β is the regression parameter vector, ϕ a scalar dispersion parameter such that
θ = (βT , ϕ)T , and a, c, and η are known functions. This class comprises the class
of generalized linear models, where η = η(β0 + zTβz + ξTβξ), β = (β0, β

T
x , β

T
ξ )T .

The classical measurement model assumes that the observed variable x differs
from the latent ξ by a measurement error variable δ which is independent of z, ξ,
and y :

x = ξ + δ (3)

with Eδ = 0. Here we assume that δ ∼ N(0, Σδ) with Σδ known. The observable
data are independent realizations of the model (xi, yi), i = 1, . . . , n.
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Under the Berkson measurement model, the latent variable ξ differs from the
observed x by a centered measurement error δ which is independent of z, x and y :

ξ = x+ δ. (4)

Thus, the values of x are fixed in advance, whereas the unknown true values, ξ are
fluctuating.

The distributional model for ξ either states that the ξ are unknown constants
(functional case) or that ξ is a random variable (structural case) with a distribution
given by a density h(ξ; γ), where γ is a vector of nuisance parameters describing
the distribution of ξ. In the structural case, we typically assume that

ξ ∼ N(µξ, Σξ), (5)

although sometimes it is assumed that ξ follows a mixture of normal distributions.
In the sequel, for the structural case we assume γ to be known. If not, it can often be
estimated in advance (i.e., pre-estimated) without considering the regression model
and the data yi. For example, if ξ is normal, then µξ and Σξ can be estimated by
x and Sx − Σδ, respectively, where x and Sx are the empirical mean vector and
empirical covariance matrix of the data xi.

The goal of measurement error modeling is to obtain nearly unbiased esti-
mates of the regression parameter β by fitting a model for y in terms of (z, x).
Attainment of this goal requires careful analysis. Substituting x for ξ in the model
(1) – (2), but making no adjustments in the usual fitting methods for this substi-
tution, leads to estimates that are biased, sometimes seriously.

In the structural case, the regression calibration (RC) estimator can be con-
structed by substituting E(ξ|x) for unobservable ξ. In both functional and struc-
tural case, another, the SIMEX estimator, becomes very popular. Those estimators
are not consistent in general, although they often reduce the bias significantly, see
Carroll et al. (2006).

2. POLYNOMIAL AND POISSON MODEL

We mention two important examples of the classical MEM (1) – (3) where
for simplicity the latent variable is scalar and the observable regressor z is absent.
The polynomial model is given by

y = β0 + β1ξ + ...+ βkξ
k + ε,

where ε ∼ N(0, σ2
ε) and ε is independent of ξ. Here

η =
k∑
r=0

βrξ
r, c(η) =

1
2
η2,

and ϕ = σ2
ε . Both cases are possible: (a) the measurement error variance σ2

δ is
known, and (b) the ratio σ2

ε/σ
2
δ is known; for the latter case see Shklyar (2008). In
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particular case k = 1 we obtain the linear model ; an overview of methods in this
MEM is given in Cheng and Van Ness (1999).

In the loglinear Poisson model we have y ∼ Po(λ) with λ = exp(β0 + β1ξ);
then η = log λ, c(η) = eη, and ϕ = 1.

3. METHODS OF CONSISTENT ESTIMATION IN CLASSICAL
MEM

Now, we deal with general model (1) – (3). We distinguish between two types
of estimators, functional and structural ones. The latter make use of the distribu-
tion of ξ, which therefore must be given, at least up to the unknown parameter
vector γ. The former does not need the distribution of ξ and works even when ξ is
not random (functional case).

3.1. Functional method: Corrected Score

If the variable ξ were observable, one could estimate β (and also ϕ) by the
method of maximum likelihood (ML). The corresponding likelihood-score function
for β is given by

ψ(y, z, ξ;β, ϕ) =
∂ log f(y|z, ξ;β, ϕ)

∂β
=
y − c′(η)

ϕ

∂η

∂β

We want to construct an unbiased estimating function for β in the observed
variables. For this purpose, we need to find functions g1 and g2 of z, x, and β such
that

E[g1(z, x;β)|z, ξ] =
∂η

∂β
, E[g2(z, x;β)|z, ξ] = c′(η)

∂η

∂β
.

Then
ψC(y, z, x;β) = yg1(z, x;β)− g2(z, x;β)

is termed the corrected score function. The Corrected Score (CS) estimator β̂C of
β is the solution to

n∑
i=1

ψC(yi, zi, xi; β̂C) = 0.

The functions g1 and g2 do not always exist. Stefanski (1989) gives the conditions
for their existence and shows how to find them if they exist. The CS estimator is
consistent in both functional and structural cases. It was first proposed by Stefanski
(1989) and Nakamura (1990).

An alternative functional method, particularly adapted to generalized linear
models, is the Conditional Score method, see Stefanski and Carroll (1987).

3.2. Structural methods: Quasi-Likelihood and Maximum Likelihood

The conditional mean and conditional variance of y given (z, ξ) are, respec-
tively,

E(y|z, ξ) = m∗(z, ξ;β) = c′(η), V(y|z, ξ) = v∗(z, ξ;β) = ϕc′′(η).
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Then the conditional mean and conditional variance of y given the observable vari-
ables are

m(z, x;β) = E(y|z, x) = E[m∗(z, ξ;β)|x],
v(z, x;β) = V(y|z, x) = V[m∗(z, ξ;β)|x] + E[v∗(z, ξ;β)|x].

For the Quasi-Likelihood (QL) estimator, we construct the quasi-score function

ψQ(y, z, x;β) = [y −m(z, x;β)]v(z, x;β)−1 ∂m(z, x;β)
∂β

.

Here we drop the parameter ϕ considering it to be known. We also suppress the
nuisance parameter γ in the argument of the functions m and v, although m and v
depend on γ. Indeed, in order to compute m and v, we need the conditional distri-
bution of ξ given x, which depends on the distribution of ξ with its parameter γ.
For instance, assume (5) where the elements of µξ and Σξ make up the components
of the parameter vector γ. Then ξ|x ∼ N(µ(x), T ) with

µ(x) = µξ + Σξ(Σξ + Σδ)−1(x− µξ), T = Σδ − Σδ(Σξ + Σδ)−1Σδ.

The QL estimator β̂Q of β is the solution to

n∑
i=1

ψQ(yi, zi, xi; β̂C) = 0.

The equation has a unique solution for large n, but it may have multiple roots if n
is not large. Heyde and Morton (1998) develop methods to deal with this case.

Maximum likelihood is based on the conditional joint density of x, y given
z. Thus while QL relies only on the error-free mean and variance functions, ML
relies on the whole error-free model distribution. Therefore, ML is more sensitive
than QL with respect to a potential model misspecification because QL is always
consistent as long as at least the mean function (along with the density of ξ) has
been correctly specified. In addition, the likelihood function is generally much more
difficult to compute than the quasi score function. This often justifies the use of
the relatively less efficient QL instead of the more efficient ML method.

3.3. Efficiency comparison

For CS and QL, β̂ is asymptotically normal with asymptotic covariance ma-
trix (ACM) ΣC and ΣQ respectively. In the structural model, it is natural to
compare the relative efficiencies of β̂C and β̂Q by comparing their ACMs. In case
there are no nuisance parameters, it turns out that

ΣC ≥ ΣQ (6)

in the sense of the Loewner order for symmetric matrices. Moreover, under mild
conditions the strict inequality holds.
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These results hold true if the nuisance parameters γ are known. If, however,
they have to be estimated in advance, (6) need not be true any more. For the
Poisson and polynomial structural models, Kukush et al. (2007) prove that (6) still
holds even if the nuisance parameters are pre-estimated. Recently Kukush et al.
(2009) have been shown that QL can be modified so that, in general, ΣC ≥ ΣQ;
for this purpose the γ must be estimated together with β, and not in advance.

4. ESTIMATION IN BERKSON MODEL

Now, we deal with the model (1), (2), and (4). Substituting x for ξ in the
regression model (1) – (2) is equivalent to RC. Therefore, it leads to estimates with
typically small bias.

A more precise method is ML. The conditional joint density of x and y given
z has simpler form compared with the classical MEM. That is why ML is more
reliable in Berkson model.

5. NONPARAMETRIC ESTIMATION

We mention two nonparametric problems overviewed in Carroll et al. (2006),
Ch.12: the estimation of the density ρ of a random variable ξ, and the nonpara-
metric estimation of a regression function f , both when ξ is measured with error.
In these problems under normally distributed measurement error, the best mean
squared error of an estimator of ρ(x0) or f(x0) converges to 0 at a rate no faster than
the exceedingly slow rate of logarithmic order. However, under more heavy-tailed
measurement error, estimators can perform well for reasonable sample size.
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